LIEB-THIRRING TYPE INEQUALITIES FOR 
NON-SELFAD JOINT PERTURBATIONS OF MAGNETIC 
SCHRODINGER OPERATORS 



DIOMBA SAMBOU 



Abstract. Let H := Ho + V and H± := Ho ± + V he respectively per- 
turbations of the free Schrodinger operators Ho on L 2 (R 2ti+1 ) and Hq ± on 
L 2 (R 2d ), d > 1 with constant magnetic field of strength b > 0, and V is 
a complex relatively compact perturbation. We prove Lieb-Thirring type in- 
equalities for the discrete spectrum of H and H± . In particular, these estimates 
give a priori information on the distribution of eigenvalues around the Landau 
levels of the operator, and describe how fast sequences of eigenvalues converge. 



1. Introduction 

Let x := (X±,x) E R 2d+1 be the cartesian coordinates, with d > 1 and X± := 
(xi, yi, . . . , Xd, Vd) € R 2d - Let b > be a constant and consider 




(1.1) 



(1.2) H := ff ,x + D 2 X , D u :=-i-^-, 

ov 

the Schrodinger operators with constant magnetic field. Note that in the 2d + 1 
dimensional case, i.e. Hq, the magnetic field B : M. 2d+1 —> M. 2d+1 is pointing in the 
x-direction: B = (0, ... 0, b). So X± — (x\, y\, . . . , Xd, yd) € K 2d are the variables 
on the plane perpendicular to the magnetic field. 

The selfadjoint operators Ho,± and Hq are originally defined on (R™) for 
n = 2d and n = 2d + 1 respectively, and then closed in L 2 (R™) . It is well known 
(see e.g. 0) that the spectrum of the operator i?o,j_ consists of the increasing 
sequence of Landau levels Aj, j E N := {0, 1, 2 . . .}: 

J A = bd 

j A, - inf {r G R : r > A-j-i, r = b ELi(^ k - 1), (s u . . . , s d ) E N^} , 
and the multiplicity of each eigenvalue Aj is infinite. We see that for any j 

(1.3) A 3 =b(d + 2j). 
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In the sequel we put E :— {Aj}j S N for the set of Landau levels. Since the operator 
H can be written in L 2 (R") = L 2 (R 2d ) ® L 2 (M.) as 

H = H Q ^<g) I + I ® D 2 , 

the spectrum of 7?o is absolutely continuous, equals [A ,+oo), and has an infinite 
set of thresholds Aj, j £ N. 

On the domains of i?o and -ffo,_L> we introduce the perturbed operators 

(1.4) H := H Q + V and #l := H ,j_ + V, 

where V : R™ — > C is a non-selfadjoint perturbation for n = 2d + 1 and n = 2d 
respectively. Everywhere in this article, we identify V with the multiplication 
operator by the function V. To simplify in below, by Ho we mean the free operators 
Hq and Hq ±, and by H we mean H and H± defined by (ll.4[) . So let 

N(H) := {(Hf, f) : / G dom(H), ||/|U= < 1} 

be the numerical range of H. It is well known (see e.g. [5], Lemma 9.3.14) that the 
spectrum a(H) oiH satisfies 

<r(U) C iV(-H). 

Thus, if the perturbation V is bounded we can easily verify that 

(1.5) <t(H) C iV(-H) C {A e C : ReA > — 1| V||oo and |ImA| < ||y||oo}- 

Assume that V is relatively compact with respect to Ho- Then it follows from the 
Weyl criterion that a css (H) = [Ao,+oo) and a css (H±) — {Ajjjgpj. Here a ess (H) 
is the essential spectrum of the operator H. In the sequel, we denote by <Jd(H.) 
the discrete spectrum of H, i.e., the set of isolated eigenvalues of H that can only 
accumulate on a css (H). For a separable Hilbert space X, we denote by S q (X), 
q G [l,+oo) the Schatten-Von Neuman classes of compact linear operators L for 
which the norm := (Tr \L\ q ) 1 / q is finite. Through this paper, we consider non- 
selfadjoint electric potentials V bounded and satisfying the following estimates: 

|V(x)| < CF(x)G(x), if n = 2d+l 

(L6) \V(X ± )\< CF(X ± ), if n = 2d, 

where C > is a constant in both cases, F and G are two positive functions sat- 
isfying F e L p (R n ) for p > 2, and G e (L 2 n L°°)(R). Under these assumptions, 
we obtain some estimates of the p-Schatten norm of the sandwiched resolvents 
F(Ho — A) _1 G and F(Hq ± — A) -1 (see Lemma T3. II and Lemma [6TTT respectively). 
Furthermore, we use these estimates to obtain quantitative bounds on ad{H). In 
particular, these estimates give a priori information on the distribution of eigen- 
values around the Landau levels of the operator. Most of known results on <Jd{H) 
deal with selfadjoint perturbations V and investigate the asymptotic behaviour of 
<7d(H) near the boundary points of its essential spectrum. This behaviour has been 
extensively studied in case where V admits power-like or slower decay at infinity 
(see [H], chapters 11 and 12, [20], [22], [23], (27], [28]). In [25] this behaviour is 
studied for potentials V decaying at infinity exponentially fast or having a compact 
support. For Landau Hamiltonians in exterior domains see [TS], [H] and |21) . 

Typical example of potentials satisfying (|1.6|) for n = 2d + 1 is the special case 
of the relatively compact perturbations V : W l —> C satisfying the estimate 

(1.7) \V(x)\ < C(X ± y m ^(xy m , m ± >0, m>l/2, 
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where (y) := (l + |y| 2 ) 1/2 , y £ E d , d >l. Indeed, put F(x) = (X±)- mj - {x)~ v and 
G(a;) = (x)~ m , where v + rh = m with v > and m > 1/2. Clearly for any p > 2 
such that pm_L > 2d and pi/ > 1, F e LP(R n ) and G € (L 2 n L°°) (R) . We can also 
consider perturbations V : M™ — > C verifying 

(1.8) |V(x)|<C<x)-«, a>l/2. 
Indeed, ([1.8p implies that 

|V(x)| <C(x)-( Q -")(a;)- v ) i>e(l/2,a). 

So U satisfies (fL~6|) for any p > 2 with p(a - i/) > n. Note that (fTTH|) implies (fL~7|) 
with any m G (1/2, a) and toj^ = a — m. 

In the 2d-dimensional case, assumption (|1.6|l is satisfied for example by class of 
potentials V : M™ — > C such that 

(1.9) \V(X ± )\ <C(X ± )- m \ m x > 0, 

pmj_ > 2d and p > 2. Under the assumption m± > 0, pm± > 2d and p > 2, we 
can also consider power-like decaying electric potentials V : M. n —> C satisfying the 
asymptotics 

(1.10) V(X ± ) =v(X ± /|Xx|)|X x |- roi (l + o(l)) as ->■ cxd, 

where v is a continuous function on S 1 which is non-negative and does not vanish 
identically (see also [22] where V is selfadjoint). 

To prove our first result (see Theorem 12. we first construct a holomorphic 
function whose zeros coincide with the eigenvalues of H. Moreover, we use a re- 
sult by Borichev, Golinskii and Kupin [3] and complex analysis methods to get 
information on these zeros. Similar techniques are used in [5] and [7J for non- 
magnetic Schrodinger operators H with a ess (H) = [0, +oo), and Jacobi matrices 
J with cr ess (J) = [—2,2]. In both situations, the essential spectrum has a finite 
number of thresholds (0 for the first and —2, 2 for the second). Since in our case 
a ess (H) = [Aq, +oo) with an infinite set of thresholds Aj, we are led to introduce 
appropriate modifications to the above techniques to prove our results. More pre- 
cisely, we will obtain two types of estimates. First, we bound the sums depending 
on parts of <Jd(ft) concentrated around a Landau level (see Proposition 15 . lj) us- 
ing the Schwarz-Christoffel formula. Second, we get global estimates summing up 
the previous bounds with appropriate weights. This is to compare to results of 
[6] and [7], where global estimates were obtained directly by mapping conformally 
C \ [0, +oo) and C \ [—2, 2] onto the unit disk respectively (see also [3]). To prove 
our second main result (see Theorem l2.2|) . we reason similarly to [12]; in particular, 
we use a recent result by Hansmann |13| and a technical distorsion Lemma (see 
Lemma I6.2p . 

The paper is organized as follows. In Section 2, we formulate our main results 
and we discuss some of their immediate consequences on the discrete spectrum of 
the operators H and H± defined by (|1.4[) . Sections 3, 4 and 5 are devoted to the 
(2d + 1)-Schr6dinger operators Ho and H . In Section 3, we establish estimates 
on appropriate sandwiched resolvents. Section 4 contains auxiliary material as the 
construction of a holomorphic function whose zeros coincide with the eigenvalues of 
H in C \ [Ao, +oo), and the presentation of appropriate tools of complex analysis. 
In Section 5, we prove a local bound on the eigenvalues of the operator H (see 
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Proposition 15. ip and derive the proof of Theorem 12 . 1 1 from it. Section 6 is devoted 
to the 2d-Schrodinger operators Hq,± and H±, and we prove Theorem 12.21 

2. Main Results 

In this section and elsewhere in this paper, for any r € K we denote by r + := 
max (r, 0) and by [r] its integer part. Otherwise, each A e <Jd{T~L) is considering 
accordingly to its algebraic multiplicity, where T~L is the operator H or H± defined 
by D. 



2.1. The 2d + 1 dimensional case. We obtain a Lieb-Thirring type inequality 
for the discrete spectrum of the (2d + 1)-Schr6dinger operator H defined by (|1.4I) . 
The following theorem is proved in Section 5. 



Theorem 2.1. Let H = H + V with V satisfying (fL6j) for n = 2d + 1, d > 1. 
Assume that F € L p (R n ) with p > 2 [|] + 2 and G £ (L 2 n L°°) (E) . Define 

(2.1) K := ||f ||£,(||G|U. + I|G||lo.) P (1 + ||F||oo) d+S+i+e . 

/or < e < 1 . T/ien we Ziave 

v dist(A,[A ,+co)) f+1+£ dist(A,i ; ;)(f- 1 +^ + 

(1+|A|)7 

where E is the set of Landau levels defined by (jl.3p . 7 > c?+ 1 anrf Co = C(p, b, d, e) 
is a constant depending on p, b, d and e. 

Since for any r > with |A| > r we have 

111 11 

( ' ] TT|A| = Jx\ 1 + |Ap - 1 + r- 1 ' 

the following holds. 

Corollary 2.1. Under the assumptions and the notations of Theorem 12.11 £/ie 
following bound holds for any r > 

dist(A.[Ao.+oo)) f+1+£ dist(A,£)(«- 1+e }+ / 1\ 7 

(2.4) ^ ~\\h <Co(l + -J X. 

|A|>T 

Theorem l2.1l has immediate corollaries on sequences (A&) £ <Jd{H) that converge 
to some A* £ a ess (H) = [Ao,+oo). Without loss of generality, we can consider a 
subsequence and assume that either (i) or (ii) below happens: 

(i) A* £ [A , +00) \ E. 

(ii) A* £ E. 

In case (i), the sequence (dist(Afe, £/)) , is positive and does not converge to 0. Then 
estimate (|2.2p implies that 



(2.5) ^|ImA fc |5+ 1+e < 00. 
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In case (ii), we consider the A& tending to a Landau level non-tangentially (i.e. 
|ReAfe — A* | < C|ImAfc| with some C > 0) and such that dist(Afe,-E) is small 
enough. We then can claim that (|2.2[) implies the estimate 



(2.6) dist(A fc , ^)5 +1+e+( 5" 1+£) + < oo. 

So estimates (|2.5[) and (|2.6|) allows us to claim that a priori the eigenvalues are less 
densely distributed near Landau levels than elsewhere in the essential spectrum of 
the operator H . 

Let us give some remarks about the three-dimensional case on selfadjoint per- 
turbations V satisfying the condition 

(2.7) V<0, C-^x)-™ < |V(x)| < C*(x)- Q , a>0 

with some constant C > 1. Let (A&) be a sequence of eigenvalues of H accumulating 
to Ao from the left. Suppose that it describes all eigenvalues A £ Od(H)n(Ao — r, Ao) 
with some r > 0. Under some supplementary regularity assumptions on V (see [28], 
Theorem 1), we have 

(2.8) Vdist(A fe ,A ) p = f P \ p - 1 N(A -X,H)d\<oo 

fc Jo 

for p > 3/a - 1/2 if a < 2 and p{a - 1) > 1 if a > 2. Here N(A - A, if) is the 
number of eigenvalues of H less than Ao — A repeated according to their multiplicity. 
Hence in (|2.6[) . conditions onp are not optimal at least for selfadjoint perturbations 
V of definite sign as above. Indeed, it can be checked that if the potential V satisfies 
(|2~7|) with a > 1/2 (this is to compare to (fTTHJ)) , then p/2 + 1 + e > 3/a - 1/2 if 
a < 2 and p/2 + 1 + e > l/(a - 1) if a > 2. 

By Theorem 12. li we can also get information on sequences (Afc) £ <Jd(H) that 
diverge. Consider for example sequences (Afc) satisfying for any k 

(2.9) dist(A fc ,[A ,+oo)) > n 
for some r\ > 0. Then estimate (|2.4[) implies that 

(2.10) V--V <cxj, 

where 7 > rf + |. This means that |Afc| converge to infinity sufficiently fast. 

2.2. The 2d dimensional case. The following theorem is proved in Section 6 
and concerns the 2d-Schrodinger operator H± defined by (|1.4[) . We obtain a Lieb- 
Thirring type inequality for the discrete spectrum of H±. 



Theorem 2.2. Let H± = i/ ,_L + V with V satisfying (fTT6|) for n = 2d, d > 1. 
Assume that F £ L p (R n ) with p > 2[|] +2. T/ien the following holds 

\ev d (x±) (1 + l A D 

where E is the set of Landau levels defined by (1 1 - 3[) . and C\ — C(p,b,d) is a 
constant depending on p, b and d. 







DIOMBA SAMBOU 



Since for any r > with |A| > r the lower bound ()2.3|) holds, we have the 
following corollary. 

Corollary 2.2. Under the assumptions and the notations of Theorem 12.21 the 
following bound holds for any r > 

dist(A,£) P 

XE<7 d (H ± ) 1 1 
|A|>r 

Theorem 12.21 has immediate corollaries on sequences (Afc) € o-d(H) that converge 
to some A* e o- css (H) = E. Indeed, by (|2.11l) 

(2.13) ^dist(A fe ,.E) p < oo, 

k 

which a priori means that the accumulation of eigenvalues near the Landau levels 
decreases with decreasing p. 

Note that if the perturbation V satisfies (|1 . 10|) . the finiteness of the sum in ([2.1311 
hols for p > max(2d/m_Li 2), m±_ > 0. However, it is convenient to mention that 
in the two-dimensional case i.e. d = 1, if V > is selfadjoint and satisfies ([1.10[) 
with mi > 1, the condition p > max(2/mj_, 1) is optimal for the finiteness of the 
sum in ([2.13[) . This is a direct consequence of Theorem 2.6 of [52], assuming some 
supplementary regularity assumptions on V. Indeed if A' £ (Aj, A J+ i), j > and 
(Afe) an infinite sequence of discrete eigenvalues of H± accumulating to the Landau 
level Aj from the right, then 

(2.14) Vdist(A fe) A,,) p = / pX p - 1 N(A 3 +X,X',H ± )dX<oo 

k Jo 

if and only if pm± > 2. The quantity A^Aj + A, A', H±j is the number of eigenvalues 
oiH± in (Aj + A, A') repeated according to their multiplicity. Analogous result holds 
if we consider the eigenvalues of H± = Hq,± — V accumulating to Aj from the left. 
Namely, ([2~14]) remains valid if we replace N(Aj + A, A', H±) by N(\",Aj - A, H±) 
with some A" e (A,-_i, Aj-) if j > 0, or by N(Aj-X, H ± ) if j = with N(Aj-\, H±) 
defined as in (|2.8[) . 

Also in the two-dimensional case and selfadjoint perturbations V G C(M 2 ,IR) 
satisfying ([1.9p with m± > 1, we have the asymptotic property 

(2.15) £dist(A fc ,A J -) p = o(r (p - 1)/2 ), j^oo, 

k 

for any p > 1 such that p(m±_ — 1) > 1. This is a direct consequence of Lemma 1.5 
and Theorem 1.6 of [2D]. 

3. Estimate of the sandwiched resolvents of Hq and H 

In order to estimate the resolvents of the operators Hq and H, let us fix some 
notations. Denote by 

(3.1) C+ := {z E C : Imz > 0} and C_ := {z e C : Imz < 0}. 



1 

1 + - 

r 



2;» 
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For Aj defined by (|1.3|) and A £ C \ [Ao, +00), we have 

(3.2) (H Q - A)- 1 = J2pi ® + Aj - A)"', 

where pj is the orthogonal projection onto ker(i? ,_L — Aj). Recall that for z £ 
C \ [0, +00), the operator (jD^, — z^j admits the integral kernel 

if the branch of s/z is chosen so that Im yfz £ C+ . In the sequel, we assume that 
the perturbation V satisfies assumption (|1.6[) . We have the following lemma. 

Lemma 3.1. Let n = 2d + 1, d > 1 and A 6 C \ [Ao,+oo). Assume that F £ 
L P (K") imt/i p > 2[|] + 2 and G £ (l? H L°°)(R). TTien i/iere exists a constant 
C = C(p, b, d) such that 



(3.4) 



\f( Ho - A)- G f < C(1+|A|) ?^ 1 

p dist(A, [A ,+oo)) 2 dist(A,£)S 



where E is the set of Landau levels defined by (|1.3[) and 
(3-5) A' 1 :H|F|| LP (||G|| L2 + ||G|M P . 

Proof. It suffices to prove the case A £ C+. Constants are generic (changing from 
a relation to another). 



(i) : We show that (|3.4p holds if p is even. Let us first prove that if Re A < A , then 
(3.6) 



\f(h Ar 1 rll p < c(1 + |A|)rf+IXl 

F dist(A, E) 4 



(3.7) 



\F(H - \)- l G\\ p p < 



Using the identity 

(H - A)" 1 -(Ho + l + IM)' 1 = {H + 1 + I A|) 1 (1 + |A| + \){H - A)"\ 
one gets 

(H - A)- 1 = (H + 1 + |A|) _1 ((1 + |A| + X)(H - A)" 1 + /). 

Then 

F^o + I + IAI)" 1 P 
p 

x |((i + |a|+a)(// -a)- 1 +j)g|| p 

Since p is even, we can apply the diamagnetic inequality for the S p class operators 
(Theorem 2.3 of [T] and Theorem 2.13 of [26]). We get 

FiHo + l + lXiy 1 P <\\F(-A + l + \\\r%. 

p F 

By Theorem 4.1 of [25], 

-1 



\F(-A + l + \\\rX<C(p)\\F\\l P 



(H 2 + l + |A|y 



i' 
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Since 



(i-i 2 +i+iAiy 



c 



LP 



r ld dr 



civ) 



(l + |A|) d +5 



o (r» + l + |A|)f ^' (l + |A|)f ' 



then 
(3.8) 
Otherwise, 

(3.9) 

By (|3.2p . we have 



^o + i + IAl)- 1 !^^)^^!!^. 



((l + |A| + A)(ffo-A)- 1 + /)G| 
: (C(1 + |A|) \\{H -A)- 1 G|| + ||G|| Loc ) P . 



\{h -x)- 1 g\ 



(3.10) 



One has 



(3.11) 



^ ft ®(^+A J -Aj G 



direct sum 



< G sup 



(i^ + Aj-a) x g 



(Dl + Aj-X) 'g < (pi + Aj 



A G 



gld:+a,-a 



As above, by Theorem 4.1 of 



G(Dl+ A - A 



< G ||G|| 



(i 



A, - A 



L 2 (R) 



Since Re A < Ao, we have for any r € 

„2 



i- +Aj - A| 2 > r 4 + \X-Aj 



This implies that 



so that 
(3.12) 





2 




f 


< 


( 




L 2 





(|-| 4 + |A-A,f) 1 



< 



C 



L i( R) |A-Aj|i 



Kflo-A)-^!! < 



dist(A,£^ 
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By dSU) and (|3J2ll . we have 
(3.13) 

((l + |A| + A)0ff o -A)- 1 +/)G 



P< C\\G\\ L2 (1 + |A|) 
~ I dist(A,E)t 



|G|| 



< 



C(p 7 b,d)(\\G\\ L2 + \\G\\ L ^Y(l + \X\Y 



dist(A,£) ; 



and (EU) follows from $T7}, (J3HJ) and (j3~T5j) . 



Now let us prove that if Re A > Ao , then 
(3.14) 



ImA|f dist(A,E)' 



From (|3.1ip . we compute the Hilbert-Schmidt norm of G {pi + Aj - A) with the 
help of its integral kernel (|3 . 3[) . Thus for Im J A — A j > 0, we have 



G(^+ A; - A 



C||G||| 2 



2 Im^/A — Aj- |A — Aj 



Now from 



ImA = Im(A - Aj) = 2I mv /A - A/ReyA - Aj 



one deduces that 



(3.15) 



G 



Aj-A 



G|lG||^Re7A^V" 
|ImA||A-Aj| 



< 



C\\G\\] 



|ImA|dist(A,£)3 



Combining ([3~TUj) . (fBTTT]) and (|3~15j) . one gets 

C\\G\\ L2 



(3.16) 



(ffo-A)"^ < 



|ImA|idist(A, J B)- 



Finally by (32| and (pUB]) . 
(3.17) 



((l + |A|+A)(i/ -A)- 1 +/)G 



p ^ G( P )(||G|| L2 + ||G|| £30 ) P (1 + |A|) ? 



|ImA|tdist(A,£!)' 

Now (f3~14f follows from j3Jl), ([3?8|) and (|3~T7l) . Hence estimates (021) and (f3~14|) 
show that (|3.4| holds if p is even. 



(ii): We prove that (|3. 14[) holds for any p > 2[|] + 2 using interpolation method. 
Clearly if p is as above, there exists even integers po < p\ such that p € ijpo,Pi) 
with po > d + 1/2. Now choose s E (0, 1) such that | = ^ + -2.. For i = 0, 1 
consider the operator 



(R n ) 9 F F(iJ - X)~ l G e S p 
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By (i) proved above, estimate (|3.4II holds for any F G L Pi (R™) . Let d = C(pi,b, d) 
be the constant in (13.41) and define 



CP ((1 + |A|)^V* (||G|| L2 + ||G|| 
C(\, Pi ,d):=- ' ' 



dist(A, [A 0) +00)) 2 dist(A, E)i 

Then by ()3.4p for (i) proved above, we have ||T|| < C(X,pi,d) for any i = 0, 
1. Using the Riesz-Thorin Theorem (see e.g [IT] Subsection 5 of Chapter 6, [24] . 
[29], |17| Chapter 2), we can interpolate between pq and p\ to get the extension 



T : L'P(R 2d+1 ) — > S p with 



C( P ,b,d)((l + \\\) d ^y (\\G\\ L i + \\G\\ 
\\T\\ <C(X,p ,d) 1 - a C(X,p 1 ,d) a < — 



dist(A, [A ,+oo)) 2 dist(A,J5)i 
In particular for any F € L P (R"), we have 

C(p,M)((l + |A|)^) f + ||G||i~) 

(3.18) \\T(F)\\ P < ^ Lj± ; >- \\F\\ LV , 

dist(A, [A ,+oo)) 2 dist(A,S)3 

which implies estimate (|3.4p . This concludes the proof of the lemma. ■ 

Now let Ao be such that 

(3.19) min (|ImA |, dist(A ,iV(#))) > 1 + ||V||oo. 
We have the following lemma. 

Lemma 3.2. Assume that Ao satisfies condition (|3 . 1 9[) . Under the assumptions of 
Lemma [3. 11 there exists a constant C — C(p) such that 

(3.20) \\F(H - Ao) _1 G||J < G(l + \\ \) d+ ?K 2 , 
where the constant K2 is defined by 

(3.21) K 2 := ||F||£ P ||G||^. 

Proof. Constants are generic (changing from a relation to another). From 
(H - Ao)" 1 - (Ho - \or\Ho - X )(H - A )-\ 

we deduce that 

||F(ff-A )- 1 G||^<|| J F(ff-A )- 1 |p|G||^ 

< ||n^o - Ao)- 1 ^ \\(H - X )(H - A )- X |r ||G||^. 
Using similar method to that of the proof of Lemma 13-11 one can show that 

,3.23, || Wo - Aor% <3I±M«. 

So (|3.23p together with condition (|3.19p on Ao give finally 
(3-24) \\F(H - Ao)- 1 ^ < G(l + \X \) d+ ?\\Ff LP . 

Otherwise, we have 

\\(H - \ )(H ~ Xo)- 1 ]] = IIJ-U^-Ao)- 1 !! < 1 + ||V||oo \\(H- A ) _1 II • 
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By Lemma 9.3.14 of [5], 

\\(H - Ao)- 1 II < 1 

The assumption on Ao implies then that 

(3.25) ||(i/o-Ao)(i/-A )- 1 || <2. 

Now (|3~20|) follows from (|3~22|) . (|3~24| and (|3~25]) . ■ 

4. Preliminaries 

4.1. About the holomorphic function /(A). In this subsection, we construct as 
in [6] a holomorphic function / : C \ [Ao, +oo) — > C whose zeros are the A G <Td(H). 

Let A G C \ [Ao, +oo). We have the identity 

(4.1) (H-X)(H - A)" 1 =I + V(H Q - A)" 1 . 

LHS of (|4.1[) is not invertible if and only if H — A is not invertible. Since V is a 
relatively compact perturbation, this happens if and only if A € <7d(H). So defining 

(4.2) T(X) = V(H -X)- 1 , 
we get for A € C \ [Ao, +oo) that 

(4.3) A G (7(i(H) / + T(A) is not invertible. 

Otherwhise, assumption (|1.6|l for rz = 2d+l on the potential V implies that for any 
x = (X±, x) G W 1 , V(x) = VF(x)G(x) where V is a bounded operator. Thus, as in 
proof of Lemma ETT1 we can show that T(A) G S p for any p > 2. Let det |- p -| (/+T(A)) 
be the regularized determinant defined by 



(4.4) det w (l + T(A)) := 



(l + ^expl^ 1 ^' 



where \p] := mm{n G N : n > p}. Hence (|4.3p can be rewritten as (see e.g. [26], 
Chapter 9) 

(4.5) \Ecr d {H)^det M (l + T{\)) =0. 
Let us define 

(4.6) /(A):=det w (l + T(A)). 
The function / is holomorphic on C \ [Ao, +oo) and then 

(4.7) a d {H) = {A G C \ [A , +cx>) : /(A) = 0}. 

Moreover, the algebraic multiplicity of A G <Td(H) is equal to the order of A as zero 
of the function /. 

Let us proof the following lemma on /(A). 

Lemma 4.1. Let A G C \ [Ao, +oo) and suppose that Ao satisfies (|3.19j) . Under the 
assumptions of Lemma \3.1l there exists C = C(p,b,d) such that 

r^i + lA^+Ux , r _ , „ d+J 



(4.8) lor /(A) 



/(Ao) 



dist(A, [A ,+oo)) 2 dist(A,_B)5 



+ r p c(i + |A () tI+ 2^ li 
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where T p is some positive constant and K\ is defined by (|3.5I1 . 
Proof. First, write = /(A) • f(Ao)" 1 . Since 

/(Ao)- 



det rpl (J + V(flo- Ao)' 
then passing to the inverse in (|4. 1 [) . we get 

/(Ac)- 1 = det w (j - V(H - Aq)- 1 ) . 

This implies that 



(4.9) 



/(A) 



/(Ao) 



det 



(i-v(H-\ Q y l 



det^fj + ViHo-X)- 1 ) 

det [p1 (i + VF(H Q - A) _1 g) • det w (/ - VF(ff - A ) _1 G 
Otherwise, for any A € Siyi , we have the estimate (see e.g. |26| ) 

|det fpl + < e r " l|y111 ?. 



Thus using (|4.9[) . we get 

/(A) 



(4.10) 



/(Ao) 



< e' 



Cr p (||F(H -X)- 1 G||'+||F(H-Ao)- 1 G||^) 



So Lemma I3T1 and Lemma I3T2I together with the inequality K2 < K\ give (|4 

In what below, we use a theorem about zeros of holomorphic functions in B := 
{|z| < 1} to study the zeros of the function / in C\[Ao, +00). Recall that in our case 
the Landau levels Aj defined by (|1.3j) play the role of thresholds in [Aq,+oo). So 
to study the zeros of the function / in C \ [Ao, +00) or equivalently the eigenvalues 
of the operator H in C \ [Ao, +00), we use a local approach by transforming locally 
the problem to D using a conformal map. 



4.2. About the conformal map (p(z). Let II = TZ(Xi, A2, A3, A4) be a rectangle 
(or a square) with vertices Ai, A4 € M, and A2, A3 E C+ or A2, A3 £ C_ (see the 
figure below). It is well known (see e.g. [16] Theorem 1, p. 176), that there exists 
a conformal map tp : D — > II given by Schwarz-Christoffel formula. Denote by 

T := dD = {z £ C : \z\ = 1}, 

and let Zj £ T be the points such that tp(zj) = \j, for 1 < j < 4. Since II is a 
rectangle, the map tp satisfies 



(4.11) 



tp'(z) = 



C 



(z - zi) 2 (2 - z 2 ) 2 (z - z 3 ) 2 ( z - z 4 ) 1 



where C is a constant. 
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We write A = tp(z) — A(z) or z = ip (A) = z(X). We have ip(Cj. z ) = Cj t \ and 
311 = M-Cj.A' We set also T z := {zj}j and .Fa := {Xj}j so that ip(J- z ) = F\- 

j 

Elsewhere in this paper, V ~ Q means that there exist constants C\, C2 such that 



(4.12) 



< C x < ^ < C 2 < 00. 



Lemma 4.2. For zeD and A G II, the following holds: 

1 



dist(A,<9IT) ~ dist(z,T) 



dist(z, Tz) 2 



or equivalently 



dist(z,T) ~ dist(A,an) dist(A,j" A ). 

Proof. Follows directly from Corollary 1.4 of [TJ5] and (14. lip . ■ 

In the sequel, we are interested in the same quantities where dist(z,T) and 
dist(A, dH) are respectively replaced by dist(z, £i iZ ) and dist(A, Ci.\). As in Lemma 
we have 



(4.13) 



dist(A,£i,A)— dist(z,£i, z ) j- 

dist(z, {zi, Z4}) 2 

dist(z, £i jZ )~ dist(A, Ci.\) dist(A, {Ai, A4}). 



4.3. About a theorem in [3]. The following result by A. Borichev, L. Golinskii 
and S. Kupin is proved in [3j. It gives an estimate on zeros of holomorphic functions 
in the unit disk D. 

Theorem 4.1. Let h be a holomorphic function in the unit disk D with h(0) = 1. 
Assume that h satisfies a bound of the form 



lop 



3g \h(z)\ < Ko- -p-p- TT 1 

where £j £ T and a, /3j > 0. Let r > 0. Then the zeros of h satisfy the inequality 



N 



E (l-M) Q+1+T ni*-^ -1+T)+ <C(a,{A},{&-},r)ifo. 



{h(z)=0} 



3=1 
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5. Bounds on eigenvalues of H 



5.1. Local bound. Let us recall that the Aj are the Landau levels given by (jl.3l) . 
In this subsection, we prove a bound on A E Ud{H) in a rectangle IL, containing 
one Landau level Aj (see the figure below). We treat only the case A E Ud{H) n C+. 
The same is true for A E Ud{H) n C_ by considering rectangles Ilj in the half plane 
C_. For simplicity in the sequel, by Ao we mean Ao,j E Ilj and we assume that it 
satisfies condition p,19|) . 



WW 



c 



3, A 






s 3 




11,, / 




% 


Si 


s 2 






1 


1 . A 

' II 



c 



2. A 



Aj_! 



Ai 



A, 



A, 



A 



3+1 



We have <fij(l) — Aj and (pj(0) — Ao where ipj : D — > Ilj is the conformal map 
defined in the Subsection 4.2 for the rectangle Ilj. The four triangles Sk, 1 < k < 4 
form a partition of the rectangle Ilj . Let / be the function defined by (|4.6[) and 



define hi 



(5.1) 



Cby 



hj{z) = f(<Pj{z)) and hj(z) = 



hj(oy 



Then hj is holomorphic in the unit disk and (|4.7[) implies that 
(5.2) a d (H) n Ilj = {(fj(z) e Uj : z € D : /ij(z) = 0}. 

We have the following lemma. 

Lemma 5.1. Under the assumptions of Lemma l4.ll for any zeD, 

C(p,b,d,j)K 3 



(5.3) 



log | ^(z) | < 



dist(z,T) 2 |z - l|f 
where the constant C(p,b,d,j) satisfies the asymptotic property 

(5.4) C(p,b,d,j) ,~ 

J->oo 

and i/ie constant K3 is defined by 

(5.5) K3:H|F||£ P (||G|| i2 + ||G|M P (l + ||y| 
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Proof. Constants are generic (changing from a relation to another). Let K\ be 
the constant defined by ()3.5p . For A, Ao = Ao,j € Ilj with Ao satisfying condition 
(|3.19p . using (| 1 . 3[) we get the inequality 



dist(A, [A ,+oo)) 2 dist(A,J5)5 

a r pC (p, M)y ,(i +j )^ + 1+ , 

dist(A,£ liA ) 5 |A-A J |f 
Since <fij(z) = A and <pj(l) — Aj, (|4. 13|) (or Lemma |4~2|) implies that 

F p C(p, 6, d)X 3 (l + <7(p, d, j)K 3 dist(z, {21, 24}) 5 



dist(A,£i )A ) 2 |A — Aj-|S dist(z,T) 2 |z-l|f 

< C(p,d,j)K 3 

~ dist(z,T) 5 \z-l\i 
This together with (I5.6P show that for any A € Hj , 

r p c( P ,M)A- l( i + |A|yH + + 

dist(A, [A ,+oo)) 2 dist(A,£)S 

(5.7) < ; -5 + C{p 1 d 1 j)K 3 

dist(z,T) 2 |z-l|f 

< C( P ,b,d,j)K 3 



4+1 



dist(z,T) 2 |z - 1|S 
Now follows from Lemma [33 (|5d|) and (j5TT|) . 

Applying Theorem 14. II to /ij satisfying (15. 3p in Lemma I5TT1 for any < e < 1 
(5.8) Yl dist(z,T) f+1+£ |z-l|(f- 1+£ )+ <C(p,d,j,e)K 3 . 

{h 3 (z)=0} 



Equivalently, using Lemma |4.2( estimate (|5.8p can be rewritten in IIj as 

(5.9) ]T (dist(A,an j )dist(A,^ A )) 2+1+£ |A-A J | ( *- 1+£) + < C(p,d,j,e)K 3 . 
\e<7 d {H)nn j 

where the constant C(p,d,j,e) satisfies again the asymptotic property (I5.4p above. 
In the sequel we want to derive from (|5.9p a bound of the quantity 

(5.10) dist(A,[Ao,+oo)) 5+1+e dist(A,^) ( 5- 1+e )+. 
xea d (H)nu 3 

Note that in (15. 9p . we can have accumulation of A E &d{H) 011 the edges £2, a and 
£4^ of the boundary 9IL, of IL,. This is not due to the nature of the problem, but 
to the method we use. To treat this problem appearing in (|5.9p . the idea is to deal 
for any rectangle LL, with its magnified version 11'^ in the horizontal direction as in 
the figure below, where the constant S is such that < 6 < b. 
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\\v\\ 



£ 4, 



-n'- 



Ai 



n,- 



si 



n,+i 



A4 Aj_i_i 



-n' 



In the figure above, we introduce a partition of the rectangle 11^ by the four triangles 
S' k , 1 < k < 4. Applying (|5.9|1 to the rectangle II'-, we get 



J2 (dist(A,an;)dist(A, J- A -)) f+1+E |A- A,| ( ?- 1+£)+ < C(p,b,d,j,e)K 3 
Ae<r d (H)nn^ 



Since IL, C IT^ , then the sum taken on IIj gives 
(5.11) 



(dist(A,an^) dist(A, T x 



Ag^(H)nn 3 



A-Aj| ( 5- 1+e) + < C(p,b,d,j,e)K 3 . 



Otherwise, since there is no eigenvalues in the sector S3, we have 



(5.12) 

fdist(A, dUj) dist(A, F, 

Ae<Td(H)nnj 



vil +1+£ |A-A,-|^- 1+£ )+ = 



(dist(A,£' liA )dist(A,{A' 1 ,AU) 

Aeo- ti (if)nnjns; 



f+i+e 



|A-A J |(f- 1+£ )+ 



(dist(A, 4 >A ) dist(A, {A;, A 3 })) " +1+£ |A - A,|(f- 1+ ^ + 



Aeo- d (//)nnjns^ 



2 (dist(A,4 iA )dist(A,{A^,A' 1 })j 2 |A-A,|(S- 1+ ^ 
Aecr £i (H)nn J nS4 



S+l+e 
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This together with (f5~TTj) impl ies in particular that 
(5.13) 

]T (dist(A,4, A )dist(A,{A; ! A^}))' +1+£ |A-A,|(5- 1+£ )+ <C(p,b,d,j, e 
Aecr d (ff)nn i n5^, 

(dist(A,£l A )dist(A,{Ai,A' 1 }))" +1+£ |A-A,| ( 5- 1+£)+ <C(p,b,d,j, e 

Take into account the fact that there is no eigenvalues in the sector S' 3 , clearly 
quantity (|5. 10|) above can be rewritten as 

£ dist(A ) £ 1)A )i+ 1 + e |A-A J -|(S- 1 + £ )+ = 
AgCT<j(H)nn : j 

X; dist(A,£ 1 , A )5+ 1 ^|A-A J |(5-^) + 
Aeo- d (_ff)nn J n5'; 

(5.14 

+ ^ dist(A,Aa)i +1 ^|A-A,|(f-^) + 
Aecr d (ff)niL,n,S':, 

+ £ dist(A,£ 1 , A )5 +1 + e |A-A J |(f- 1 + £ )+. 
Aecr d (H)nn J ns^ 

By combining ()5. 1 ljl and (|5 . 12[) , and using the first term of RHS in (|5.12p and the 
lower bound dist(A, {A' 1; A 4 }) > 5, we get the following bound 

(5.15) £ di S t(A I £ 1 , A) «^|A-A,f?-^) + < C(p ' b /;^ )Ka . 
\ea- d (H)nn j nS' 1 

For A G <Jd(H) n IL, n S' 2 , it can be easily checked that dist(A,£i. A ) < Halloo and 
dist(A,£ / 2 A )dist(A,{Ai,A / 3 }) > S 2 . Thus 

X; dist(A,£ 1 , A )5+ 1 ^|A-A,|(«- 1 + £ ) + 

- + l + £ 

< E (dist(A,4, A )dist(A,{A;,Ai})) 5+1+£ |A- A,|d-^) + . 

2 Aecr ti (ff)nn :j nS^ 

Now using (|5.13l) we get the bound 

(5.16) Yl dist(A,£ 1 , A )5 +1+e |A~A J | ( 5- 1+£ )+ < C(p,b,d,j,e)K 
\ea d (H)nn j nS' 2 

where the constant K is defined by (|2.1[) . By similar arguments, we show that 

(5.17) J2 dist(A,£ liA )5 +1+e |A-A J | ( 5- 1+£) + < C(p,b,d,j,e)K 
\e<r d (H)nn J nS^ 

For the rectangle n containing the first Landau level A , choose the vertice Ai of 
the edge £4 A so that Ai < — H^Hoo- Then estimates (|5.14[) - (j5.17p imply that for 
any j > 

(5.18) dist(A,£ liA )5 +1+e |A- Aj| ( *" 1+e) + < C(p,b,d, j,e)K. 
Thus we have proved the following proposition. 
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Proposition 5.1. For any j > the following bound 

(5.19) J2 dist(A,[A ,+cx3)) 5+1+e dist(A,£;) ( ?- 1+e) + < C(p,b,d,j,e)K 

holds, where K is defined by (|2.1I) and the constant C{p,b 1 d 1 j,e) satisfies the as- 
ymptotic property (|5.4p . 

Now we go back to the global bound. 



5.2. Proof of Theorem 12.11 The main idea is to do with the help of (|5.19j) a 

summation on the index j. The only way to obtain a finite sum with respect to j is 
first to multiply (|5.19p by an appropriate weight fonction of j, taking into account 
the asymptotic property f|5 .4[) of the constant C(p,b,d,j,e): 

C(p,b,d,j,e) /+i 

Let 7 be such that 7 — (d + i) > 1 or equivalently 7 > d + |. By (|5.19p . we have 
1 



J2 dist(A, [A , +00)) 5+ +£ dist(A, 



+ 



(1 + 7') 7 

(- 5 20) \ea d (H)nn, 

< C(p, b, d,j,e) 
~ (1+J) 7 
Taking in (|5.20p the sum with respect to j, we get 

E TTT-w E dist(A,[A ,+oo))« +1+£ dist(A,i?)(f-^) + 
(5.21) 3 



C (p, b, d, j, e ) 



By the above choice of 7, RHS in (15.211) is convergent so that 

(5.22) J2 C ^ d :^ K = C(p,b, d ,e)K. 

j 

Thus using the fact that for any A 6 IX, we have 1 + j ~ 1 + | A | , we get 

dist(A, [Aq, +00)) f dist(A, g)(§- 1+ -) + 
(5-23) ^ < CoA 

where Cq = C(p,b, d, e). Since (15.231) is true for A e o~d{H) D C_ by considering 
rectangles IX, in the half plane C_ , then finally we have 

dist(A,[Ao i +oo))^ +1+£ dist(A,g)(f- 1 +-) + 

(5 ' 24) ^ 0+1^ " C ° K - 

This concludes the proof of Theorem 2.1. 
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6. About the dimension 2d, d > 1 



Consider the Schrodinger operator Hq± defined by (ll.ip . In this section, we 
investigate the discrete spectrum <7d(H±) of the perturbed operator H± defined by 
(|1.4|) . and we assume that the electric potential V satisfies assumption (|1.6|) for 
n = 2d. 



6.1. Estimate of the resolvent. Recall that the spectrum cr(iJo,j_) of i?o,_L is a 
discrete set and consists of the Landau levels Aj defined by (|1.3|l . j G N. So for any 
A G C \ cr(Ho,A_) the resolvent of £/o,_l is given by 

(6.1) (ffo.T-Ar^E^-Arv,, 

where pj is the orthogonal projection onto ker(i/o._L — Aj). 

Lemma 6.1. Let n — 2d, d > 1 and A G C\£ where E is the set of Landau levels 
defined by (TO]). Assume that F G L p (R n ) with p > 2[~] +2. TTien £/iere ezisfc a 
constant C = C(p) such that 

(6 . 2) || ,w„p^C(1 + IWII£, 



\\F(H Q , ± -X) \\ p < dist{KE)p ■ 

Proof. Let A G C\E. We first show that (|6.2[) holds if p is even. Using the identity 

(flo,± - A)" 1 = (flo,x + 1 + |A|) _1 ((1 + |A| + A)(flo,x - A)" 1 + I), 
one gets 



(6-3) 



F(H , ± - X)- 1 ^ < F(H , ± + 1 + \X\) 1 



((l + |A|+A)(H 0il _-A)- 1 +/) 



Hence if p is even, ()6.2jl follows as in the proof of Lemma 13.11 from ()3.7|) to (|3.10l) , 
where the operator Hq is replaced by i?o,±i ^ ^ s removed and G = I. 

To prove that (16. 2p holds for any p > 2 [gl +2, we interpolate by the Riesz-Thorin 
Theorem as in (ii) of the proof of Lemma 13.11 This concludes the proof. ■ 

6.2. Proof of Theorem 12.21 Constants are generic (changing from a relation to 
another). The first important tool of the proof is the following result of Hansmann 
(see [13], Theorem 1). Let Aq — Aq be a bounded selfadjoint operator on a Hilbert 
space, A a bounded operator such that A — Aq G S p , p > 1. Then 

(6.4) ]T dist(A, a(A )) p < C\\ A -A ||£, 

\ea d (A) 

where C is an explicit constant which depends only on p. 
Now let us fix a constant /i defined by 

(6.5) n := -\\VWco - 1. 

Since Hq ± and H± are not bounded operators, to apply (|6.4[) we will consider the 
bounded resolvents 



(6.6) 



A (p) := (H ,x -M) 1 and := — fj)' 
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The assumption (|1.6[) on V for n = 2d implies that for any X± £ M. n , V(X±) = 
VF(X±) where V is a bounded operator. So using the resolvent equation 

(H ± - ^r 1 - (flo,± - /I)" 1 = -{H ± - n^ViHo^ - m)" 1 , 

we get 

(6.7) \\A(») - AoMWl ^ C U H± ^)~T\\ F (. H o,± - »)-%> 

with C > a constant. The choice of the constant \i and (|1.5p imply that 
dist(iJ,, N(H ± )) > 1, and by Lemma 9.3.14 of [5] 

(6.8) \\(H± — /j.) 1 1 1 < 1 < 1. 

Lemma 16.11 and the choice of /i imply that 

(6-9) \\F{H^-^\l<C\\F\? LP . 

By combining (|6.7[) . (|6.8[) and (|6.9p . we finally get 

(6.10) ||A( M )-VM)K<C|reP- 

Hence by applying ()6.4p to the resolvents -A(/x) and Ao(/z), we get 

(6.11) Yl di S t(z 1 a(A ( f ,))) p <C\\F\\ P LP , 

where C — C(p). Let z — (/^(A) = (A — The Spectral Mapping Theorem 

implies that 

(6.12) z£a d (A(fi)) (zea(ioM)) Ae^) (a G <t(#o,±))- 

The second ingredient of the proof of the theorem is the following distorsion lemma 
for the transformation z — ^(A) = (A — /x) . 



Lemma 6.2. Le< /it 6e the constant defined by (|6.5|l and E be the set of Landau 
levels defined by (|1.3p . Then the following bound holds 

Cdist(\,E) 

(6.13) dist ^(A), Vtl {E)) > y >- A e C, 

(1 + Halloo) (1+|A|) 

where C = C(b,d) is a constant depending on b and d. 



The proof of Lemma 16.21 follows directly from Lemma l6.3l and Lemma 16.41 below . 
For more comprehension in the sequel, it is convenient to give the figure which 
represents the transformation of the complex plane by the conformal map (p^ (see 
the figure below). 
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A l > IpftiX) = Z = 



r = [A 0l +oo) 


























i 


( 







It can be easily checked that 
(6.14) V?m({ a G C : Re A < fi}^ = {z £ C : Rez < o}, 



(6.15) ipp [i A £ C 



Ao - At J ' 



(6.16) (/jjj^j/i < ReA < Ao}^ = {2 £ C : Rez > 0} n outside the gray disk, 



2(A - n) 



(6.17) <^({A£C:ReA> A }) = |a : z - - 

Lemma 6.3. Let I = [Ao, +cxd). The following bound holds for any A G C 

Cdist(A,J) 



(6.18) 



dist(^(A),^(/)) > 



(1 + ||7|U) 2 (1 + |A|) 2 ' 



where C = C(b,d) is a constant depending on b and d. 



Proof. It suffices to show that (16. 18)) holds for A in each of the four sectors defined 
by (|6.14p - (|6.17p . For further use in this proof, let us recall that the relation ~ is 
defined by (l4~T2j) . 

• For {A e C : ReA < we have dist(A,i) = |A - A | and by (jOljl 

dist(^(A),^(/)) = |^(A)| = p^. Then 

dist(^(A),^(7)) _ 1 



dist(A,7) |A - fi\\X - A | ' 

So ([emU holds since |A - A | < C(l + |A|) and |A-/z| < C(l + HVUm) (l + |A|) . 
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For A e | 



A ^|, we have dist(A, i) = \X- A | and by (jQ5|) 

dist((/5 (U (A), w(A)) = <^(A) 



A - 
dist(A,i) 
~ |A-//||A -/x|' 

Then (loTTg)) holds since as above |A-ju| < C*(l + ||F|| 00 )(l + |A|) and |A - /x] < 

C(l + Halloo)- 



• For Ae ReA < A }\| 

and by (f^T5]) - <f^TCj) 



A - 



< ^^}, wehavedist(A,7) = |A-A | 
dist(^(A),^(/)) = |Im^(A)| 



JImA|_ 



* For A closed to /i in this domain, dist(A, /) ~ constant and |Im A| ~ | A — | so 
that dist(c/3 M (A), ip^(I)) ~ ■ Then (|6.18[) holds as above. 

* For A closed to Ao, dist(A, /) = |A— Ao|, |ImA| ~ |A— Ao| and |A— /i| 2 ~ constant 
so that dist((/3 jU (A),^(J)) ~ |A - A |. Then (foTTgl) holds. 

* When |A| +oo, ImA ~ |A - A | so that dist(^(A), ^(/)) ~ . Then 
(I6.18P holds as above. 

* For A e {A e C : Re A > A }, we have dist(A, /) = |ImA| and by (joTTTf 

dist(^(A),^(7)) = |Im^(A)| = = ^M. 

Then (|6.18p holds as above. This concludes the proof of Lemma 16.31 ■ 



Now for futher use, let us introduce some notations. For Aj € E C I, define 
rj = dist(Aj, E \ {A.,}), A = \J } B(A j ,2r j ) and D = C \ A (see the figure below). 
Corresponding notations on the plane of z = </^(A) are A and T>. That means 
for u € ip^E) = {j-^}., r - = dist \ M), -4 = U w S(w,2r w ) and 

£> = C \ A 



B(A j ,2r j ) 




-?A = [A , +oo) 



Note that by (|1.3p . we have fj — 2b. A = [jj B(Aj, 46) and up to constant factor 
(/^(A) = A. We have the following lemma. 
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Lemma 6.4. With the notations above, the following estimates hold. 

(i) For any A 6 D and any </?^(A) € P, 

distfA, -E) * * * v 
dist ( A > 7 ) < dist(X,E). 

(6.19) 2 

distMA^(£)) ^ dist( ^ (A)) ^ (J)) < dist( ^ (A)) ^ (£)) . 

(ii) for any AG i, 

, , Cdist(\,E) 

(6.20) dist(^(A) l¥ 3 M (E)) > 



v l+||V|| 00 )*(l + |A|) J 

Proof, (i): We prove only the first estimate in (|6. 19|) . The same holds for the 
second. Obviously dist(A,/) < dist(A,i?). For AeD, let Aj e E such that 

distfA,^ 

(6.21) dist(A,£) = |A-Aj| >2tj 



Since dist(A,£) < dist(A,/) + r,, i.e. dist(A,£) - rj < dist(A,/), then (|OT|) 

r^- < dis- 
dist(A,£) 



implies that dist(A, i?) — dlst (^ ,E ) < dist(A,/). That means 



< 



dist(A, J). 



2 

(ii): Obviously all points Aei are of the form |ImA| < 4b and Aj < Re A < Aj+i 
for some Aj e E such that dist(A, E) = \X - Aj| (or dist(A, E) = \X - A J+ i|). For 
dist(A, E) = \X — Aj\, we have 

, A1 , . 1 1 dist(A,f) 

dist ^ A ),<p IM (E)) = = ' ; 

A — /i Aj — // |A — /i||Aj — /i| 

Then foT2U)) holds since |A - (i\ < C(l + ||y|| (X> )(l + |A|) and |Aj - /x| < 2|A - n\ 
for Re A > Ao. This complete the proof. ■ 

Now we turn back to the proof of Theorem [221 Lemma ROl together with (|6.11|) 
and (|6.12| show that 

zea d (H ± ) I 1 + W) 

where C\ = C(p,b,d) is a constant depending on p, b and d. This complete the 
proof of Theorem 2.2. 
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